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a b s t r a c t
Suppose π = π1π2 · · ·πn is a partition of size n, represented in its canonical sequential
form. We show that the number of partitions of size n so represented having no two
adjacent letters the same and avoiding a single pattern of length five is given by the
Catalan number Cn−1 in six particular instances. In addition to supplying apparently
new combinatorial structures counted by the Catalan numbers, this provides interesting
examples of the more general question of enumerating howmany members which belong
to some class of words satisfying an adjacency requirement avoid a given subsequence
pattern.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
If n ≥ 1, then a partition of [n] = {1, 2, . . . , n} is any collection of non-empty, pairwise disjoint subsets, called blocks,
whose union is [n]. (If n = 0, then there is a single empty partition of [0] = ∅ which has no blocks.) From now on, we
will use the term partition when referring to a partition of a set. A partitionΠ having exactly k blocks is called a k-partition.
We will denote the set of all k-partitions of [n] by Pn,k and the set of all partitions of [n] by Pn. The cardinality of Pn,k is the
well-known Stirling number of the second kind Sn,k, while the cardinality of Pn is the Bell number Bn (see, [17, p. 33]).
A partition Π is said to be in standard form if it is written as Π = B1/B2/ · · ·, where min(B1) < min(B2) < · · ·. One
may also represent Π = B1/B2/ · · · /Bk ∈ Pn,k, equivalently, by the canonical sequential form π = π1π2 · · ·πn, wherein
j ∈ Bπj , 1 ≤ j ≤ n, (see, e.g., [19]). Throughout this paper, we will represent set partitions by their canonical forms and
consider an avoidance problem on these words.
For example, the partition Π = 1, 4, 7/2, 3/5, 8/6 ∈ P8,4 has the canonical sequential form π = 12213413. Note that
π = π1π2 · · ·πn ∈ Pn,k is a restricted growth function from [n] to [k] (see, e.g., [11] for details), meaning that it satisfies the
following three properties: (i) π1 = 1, (ii) π is onto [k], and (iii) πi+1 ≤ max{π1, π2, . . . , πi} + 1 for all i, 1 ≤ i ≤ n − 1.
We remark that restricted growth functions are often encountered in the study of set partitions [13,20,21] as well as other
related topics, such as Davenport–Schinzel sequences [4,12].
Let σ = σ1σ2 · · · σn and τ = τ1τ2 · · · τm be two partitions, represented by their canonical sequences. We say that σ
contains τ if σ contains a subsequence that is order-isomorphic to τ ; that is, σ has a subsequence σf (1), σf (2), . . . , σf (m),
where 1 ≤ f (1) < f (2) < · · · < f (m) ≤ n, such that for each i, j ∈ [m], we have σf (i) < σf (j) if and only if τi < τj and
σf (i) > σf (j) if and only if τi > τj. Otherwise, we say that σ avoids τ . In this context, τ is usually called a pattern. For example,
the partition σ avoids the pattern 1221 if there exist no indices i < j < k < ℓ with σi = σℓ < σj = σk and avoids 1213
if there exist no such indices with σi = σk < σj < σℓ. The concept of pattern-avoidance just described is that introduced
by Sagan [13], who considered, among other topics, the enumeration of partitions avoiding patterns of size three. Other
notions of pattern-avoidance for set partitions have been studied; see, e.g., theworks of Klazar [8], Chen et al. [2], or Goyt [6].
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The pattern avoidance question in enumerative combinatorics has been an extensively studied one, starting with Knuth [9]
and Simion and Schmidt [15] on permutations. More recently, the problem has been considered on further structures such
as k-ary words, compositions, and set partitions, as described.
LetQn denote the subset of Pn consisting of partitions having no adjacent letters the samewhen represented sequentially,
i.e., those in which no block contains two consecutive elements. For example, Q4 = {1212, 1213, 1231, 1232, 1234} and
π = 123131231 ∈ Q9 corresponds to the partition Π = {1, 4, 6, 9}, {2, 7}, {3, 5, 8}. That |Qn| = Bn−1 is well-known and
occurs as exercise 29 on p. 49 of [17]. If Qn,k denotes the subset of Qn whose elements contain exactly k blocks, then it is
well-known that |Qn,k| = Sn−1,k−1; see, e.g., [3,14]. One could term the members of Qn as Carlitz partitions in analogy to the
case of compositions (see, e.g., [5]).
In this paper, we consider on Qn the problem of avoiding a single classical pattern. We will use the following notation.
If u is a pattern, then let Qn(u) and Qn,k(u) denote the subsets of Qn and Qn,k, respectively, which avoid the pattern,
where partitions are represented sequentially. We will denote the cardinalities of Qn(u) and Qn,k(u) by qn(u) and qn,k(u),
respectively. From the definitions, note that qn(u) =k≥0 qn,k(u).
The Catalan numbers Cn, named after the nineteenth century Belgianmathematician Eugene Catalan, have been shown to
countmany structures occurring in both enumerative and algebraic combinatorics. Perhaps themost fundamental structure
counted by Cn is the set of lattice paths from (0, 0) to (2n, 0) using up (1, 1) and down (1,−1) steps that never dip below the
x-axis (called Catalan or Dyck paths). In terms of avoidance, it is well known that Cn counts the permutations of [n] avoiding
a single pattern τ , where τ is anymember of S3 (see, e.g., [9,15]), as well as the partitions of [n] avoiding either 1212 or 1221
(called non-crossing and non-nesting partitions, respectively; see, e.g., [8,7]). The Cn are given by the generating function (see
(2.5.16) of [22])
C(x) =

n≥0
Cnxn = 1−
√
1− 4x
2x
and have the closed form Cn = 1n+1

2n
n

. To date, there are at least 190 known structures known to be enumerated by the
Catalan numbers; see Stanley’s website [18] for a complete list.
In [10], we showed that several classes of the partitions of [n], each avoiding two patterns, are enumerated by the Catalan
number Cn. We then turned to the problem of avoiding a single pattern, while at the same time satisfying an adjacency
requirement. In particular, we considered the avoidance problem on the set Qn and observed that the Catalan numbers were
arising in several instances, upon looking at the size of the avoidance class for the first few values of n. In this paper, we
identify six classes ofQn each avoiding a single pattern of length five and each enumerated by the Catalan number Cn−1. These
seem to be new structures whose cardinality is given by the Catalan number and they do not appear in Stanley’s list [18].
Furthermore, the problem of avoidance on Qn (or, more generally, other structures satisfying an adjacency requirement) is
apparently not an extensively studied one. Our main result is the following theorem which we prove in the next section.
Theorem 1.1. If n ≥ 1, then qn(u) = Cn−1 for the following patterns u:
(1) 12323 (2) 12321 (3) 12312
(4) 12132 (5) 12123 (6) 12134.
We remark that our proof of Theorem 1.1 is algebraic in nature, making use of generating functions. In several cases, we
use the kernel method (see [1]) to solve the functional equations arising that are satisfied by the generating functions. In
proving (1), (2), (4) and (5), we introduce auxiliary statistics which enable one to write a recurrence that can be solved to
establish the result. In particular, to find the number qn(u), we first refine this number by describing two statistics (one, in
the case of 12323) on the set Qn(u) and letting an,t,s = an,t,s(u) denote the number of members of Qn(u) for which the values
of the statistics are t and s. We are then able to find a recurrence for the array an,t,s, whichwe can solve by the kernel method
and thus determine qn(u) = t,s≥0 an,t,s. See [23] for a further description and examples of this strategy of refinement in
finding an explicit formula for a sequence. Perhaps the most challenging aspect of implementing the strategy in the current
problem lies in determining appropriate statistics on Qn(u) for which a recurrence that can be solved may be found.
2. Proof of the main result
2.1. The case 12323
Here, we treat the case of avoiding 12323. Given 1 ≤ t ≤ n, let Rn,t denote the subset of Qn(12323) comprising those
partitions π = π1π2 · · ·πn whose right-most occurrence of the letter 1 is at position t and let an,t = |Rn,t |. For example,
π = 121234154143 ∈ R12,10 and a5,3 = 3, the enumerated partitions being 12123, 12132, and 12134.
Recall that the Motzkin numbersMn (see A001006 in OEIS [16]) are defined by the recurrence
Mn = Mn−1 +
n−2
i=0
MiMn−2−i, n ≥ 2, (2.1)
withM0 = M1 = 1. We may write a recurrence for the numbers an,t as follows.
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Lemma 2.1. The array an,t can assume non-zero values only when n ≥ t ≥ 1. It is given by the recurrence
an,t =
t−2
i=1
an−1,i +
t−2
i=1
an−2,i, 3 ≤ t ≤ n− 1, (2.2)
with
an,n =
n−2
i=1
an−1,i, n ≥ 3. (2.3)
The initial values are an,2 = 0 for all n ≥ 1 and an,1 = Mn−2 if n ≥ 2, with a1,1 = 1.
Proof. To show (2.2), first observe that within members π = π1π2 · · ·πn ∈ Rn,t , where 3 ≤ t ≤ n− 1, the right-most 1 is
extraneous concerning possible occurrences of 12323. Thus, we delete πt = 1 if πt+1 ≠ πt−1 and delete both πt = 1 and
πt+1 if πt+1 = πt−1. The resulting partitions numbert−2i=1 an−1,i in the former case andt−2i=1 an−2,i in the latter, since the
right-most 1 can now range anywhere from the first to the (t − 2)-nd positions. If π ∈ Rn,n, then one may simply delete the
final 1 and the resulting partitions number
n−2
i=1 an−1,i, which gives (2.3).
As for the initial conditions, clearly an,2 = 0 for all n, since no two 1’s are allowed to be adjacent. To show an,1 = Mn−2
if n ≥ 2, first note that members of Rn,1 are in one-to-one correspondence with members of Qn−1(1212). To complete the
proof, we then need to show qn(1212) = Mn−1 if n ≥ 1, and to do so, we will use induction, the n = 1, 2 cases being clear.
If n ≥ 3, then π ∈ Qn(1212)may be expressed as π = 1α or π = 1β1γ , where α, β , and γ contain no occurrences of 1212,
α and β contain no 1’s, β is non-empty, and any letter of γ (except possibly 1) is greater than any letter of β . Thus, we have
qn(1212) = qn−1(1212)+
n−3
i=0
qi+1(1212)qn−2−i(1212)
= Mn−2 +
n−3
i=0
MiMn−3−i = Mn−1,
by (2.1), which completes the induction. 
Remark 2.2. In the above proof, we have also shown that qn(1212) = Mn−1 if n ≥ 1, i.e., the subset of non-crossing
partitions of size n in which no two adjacent letters are the same is given by the (n− 1)-st Motzkin number.
Proposition 2.3. If n ≥ 1, then qn(12323) = Cn−1.
Proof. Let An(v) =nt=1 an,tvt−1. Multiplying the recurrence relation (2.2) by vt−1, and summing over 3 ≤ t ≤ n− 1, we
obtain
An(v)− An(0)− an,nvn−1 = v
2
1− v (An−2(v)− v
n−3An−2(1))
+ v
2
1− v (An−1(v)− v
n−3An−1(1)+ an−1,n−1vn−3(1− v)),
which implies
An(v) = Mn−2 + (An−1(1)− an−1,n−1)vn−1 + v
2
1− v (An−2(v)− v
n−3An−2(1))
+ v
2
1− v (An−1(v)− v
n−3An−1(1)+ an−1,n−1vn−3(1− v)), n ≥ 4,
which is also seen to hold for n = 3 as well. Thus,
An(v) = Mn−2 + An−1(1)vn−1 + v
2
1− v (An−2(v)− v
n−3An−2(1))+ v
2
1− v (An−1(v)− v
n−3An−1(1)), n ≥ 3, (2.4)
with A1(v) = A2(v) = 1.
Let A(t; v) =n≥1 An(v)tn. Multiplying (2.4) by tn, summing over n ≥ 3, and replacing t by t/v yields
1− t(t + v)
1− v

A(t/v; v) = t
2
v2
M(t/v)+ t
v
− t(1+ t/v)
1− v A(t; 1), (2.5)
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where M(t) = 1−t−
√
1−2t−3t2
2t2
= n≥0 Mntn denotes the generating function for the Motzkin numbers. Note that
qn(12323) = An(1). We use the kernel method [1] and let v = 1− t in (2.5) to cancel out the left-hand side and obtain
n≥1
qn(12323)tn = A(t; 1) = t
2
1− t M(t/(1− t))+ t =
1−√1− 4t
2
=

n≥1
Cn−1tn,
whence qn(12323) = Cn−1 for all n ≥ 1, as required. 
2.2. The cases 12321 and 12312
We first enumerate themembers ofQn(12321). To do so,we first divide upQn(12321) according to statisticswhich record
the number of blocks and the length of the maximal initial increasing sequence. More precisely, if 1 ≤ t ≤ k ≤ n, then let
Rn,k,t denote the subset of Qn(12321)whose members π = π1π2 · · ·πn have exactly k blocks such that πi = i if i ∈ [t], with
πt+1 < t , if there exists a (t + 1)-st letter. Let Sn,k,t ⊆ Rn,k,t consist of these members having at least two 1’s. For example,
π = 12342354 ∈ R8,5,4 and π = 12313142 ∈ S8,4,3. Let an,k,t = |Rn,k,t | and bn,k,t = |Sn,k,t |. The arrays an,k,t and bn,k,t may
be determined as described in the following lemma. In this proof and the remaining, if m and n are positive integers with
m ≤ n, then let [m, n] denote the set {m,m+ 1, . . . , n}, with [m, n] = ∅ ifm > n.
Lemma 2.4. The arrays an,k,t and bn,k,t can assume non-zero values only when n ≥ k ≥ t ≥ 1 and satisfy the recurrences
an,k,t = an−1,k−1,t−1 + bn,k,t , n > k ≥ t ≥ 2, (2.6)
and
bn,k,t = bn−1,k,t +
k
i=t+1
an−1,k,i + an−2,k−1,t−1, n ≥ k+ 2 and k ≥ t ≥ 2. (2.7)
The initial conditions for an,k,t are as follows: an,k,1 = 0 for all n ≥ k ≥ 2, an,1,1 = δn,1 if n ≥ 1, and an,n,t = δn,t if 1 ≤ t ≤ n.
The initial conditions for bn,k,t are as follows: bn,n−1,t = 1 if n ≥ 3 and 2 ≤ t ≤ n− 1, bn,n,t = 0 if 1 ≤ t ≤ n, and bn,k,1 = 0
if 1 ≤ k ≤ n.
Proof. As for the initial conditions, first note that Rn,n,t is empty if t < n and is a singleton consisting of the partition
12 · · · n if t = n, whence an,n,t = δn,t if 1 ≤ t ≤ n. That an,k,1 = 0 if n ≥ k ≥ 2 is clear, from the definitions. If n ≥ 3 and
2 ≤ t ≤ n− 1, then Sn,n−1,t is the singleton consisting of the partition 12 · · · t1(t + 1) · · · (n− 1), whence bn,n−1,t = 1. On
the other hand, bn,n,t = 0 if 1 ≤ t ≤ n since it is impossible for two 1’s to occur.
We now establish the recurrences (2.6) and (2.7). For the first, note that members of Rn,k,t − Sn,k,t are in one-to-one
correspondence with members of Rn−1,k−1,t−1. To show (2.7), suppose π = π1π2 · · ·πn ∈ Sn,k,t , where n ≥ k + 2 and
k ≥ t ≥ 2. Then π1π2 · · ·πt = 12 · · · t and thus πt+1 = 1, for otherwise if t ≥ 3 and 2 ≤ πt+1 ≤ t − 1, then there would
be an occurrence of 12321 as there exists a 1 to the right of πt+1. So we consider the following three cases regarding the
(t + 2)-nd letter: (i) πt+2 = t + 1, (ii) πt+2 = r , where 2 ≤ r ≤ t − 1, or (iii) πt+2 = t .
In the first case, one may delete the 1 in the (t + 1)-st position since it is irrelevant concerning an occurrence of 12321.
The members of Sn,k,t in this case are then in one-to-one correspondence with members of ∪ki=t+1 Rn−1,k,i and thus have
cardinality
k
i=t+1 an−1,k,i, since the length of the initial increasing run is at least t + 1 once the 1 has been removed. If
πt+2 = r , where 2 ≤ r ≤ t − 1, then no more 1’s can occur to the right of the (t + 2)-nd letter in such partitions,
for otherwise there would be an occurrence of 12321 in which the 2 corresponds to r . Thus, one may delete both 1’s and
the resulting partitions on the letters [2, k] belong to Rn−2,k−1,t−1 since they start 23 · · · tr , which implies that there are
an−2,k−1,t−1 members of Sn,k,t in the second case. To complete the proof of (2.7), we must show that the members of Sn,k,t
for which πt+2 = t number bn−1,k,t . To see this, first note that we may express σ ∈ Sn−1,k,t as
σ = 12 · · · tαβ,
where α is a non-empty alternating sequence of 1’s and t ’s starting with 1 and β is either empty or non-empty and starts
with a letter in [t+1]−{1, t}. Then the partition 12 · · · tα1β if α ends in t or the partition 12 · · · tαtβ if α ends in 1 belongs
to Sn,k,t with t in the (t + 2)-nd position. Since adding either a 1 or a t as indicated is seen to be a bijection from Sn−1,k,t to
the members of Sn,k,t for which πt+2 = t , there are bn−1,k,t such members of Sn,k,t , which completes the proof. 
Proposition 2.5. If n ≥ 1, then qn(12321) = Cn−1.
Proof. Substituting (2.6), rewritten as bn,k,t = an,k,t − an−1,k−1,t−1, into (2.7), we obtain
an,k,t = an−1,k−1,t−1 +
k
j=t
an−1,k,j, n > k ≥ t ≥ 2, (2.8)
with an,n,t = δn,t and an,k,1 = 0 for all n ≥ k ≥ 2.
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Let An,k(w) =kt=2 an,k,twt−2. Multiplying (2.8) bywt−2, and summing over 2 ≤ t ≤ k, yields
An,k(w) = wAn−1,k−1(w)+ 11− w(An−1,k(1)− wAn−1,k(w)), n > k ≥ 2, (2.9)
with An,n(w) = wn−2 if n ≥ 2 and An,1(w) = 0 if n ≥ 1. Note that (2.9) is also seen to hold in the case when k = n if n ≥ 3.
Let An(v,w) =nk=2 An,k(w)vk−2. Multiplying (2.9) by vk−2, and summing over 2 ≤ k ≤ n, yields
An(v,w) = wvAn−1(v,w)+ 11− w(An−1(v, 1)− wAn−1(v,w)), n ≥ 3, (2.10)
with A2(v,w) = 1. Note that qn(12321) = An(1, 1) if n ≥ 2.
Let A(t; v,w) =n≥2 An(v,w)tn. Multiplying (2.10) by tn, and summing over all n ≥ 3, yields
A(t; v,w)− t2 = wvtA(t; v,w)+ t
1− w(A(t; v, 1)− wA(t; v,w)),
which is equivalent to
1− wvt + wt
1− w

A(t; v,w) = t2 + t
1− wA(t; v, 1). (2.11)
We use the kernel method to solve (2.11), and let v = 1 and
w = C(t) = 1−
√
1− 4t
2t
=

n≥0
Cntn
to obtain
n≥2
qn(12321)tn = A(t; 1, 1) = tC(t)− t =

n≥2
Cn−1tn,
which completes the proof. 
We now show that the sets Qn(12321) and Qn(12312) have the same cardinality.
Proposition 2.6. If n ≥ 1, then qn(12321) = qn(12312).
Proof. Given 1 ≤ i < t < n, then let An,t,i(12321) and An,t,i(12312) denote the subsets of Qn(12321) and Qn(12312),
respectively, consisting of those partitions π = π1π2 · · ·πn such that πj = j if j ∈ [t] with πt+1 = i. Let cn,t,i =
|An,t,i(12321)|, dn,t,i = |An,t,i(12312)|, cn,t =t−1i=1 cn,t,i, and dn,t =t−1i=1 dn,t,i, with cn,n = dn,n = 1.
If n ≥ 2, note that
qn(12321) =
n
t=2
cn,t and qn(12312) =
n
t=2
dn,t .
To show qn(12321) = qn(12312), it suffices to show cn,t = dn,t for all 2 ≤ t < n, and for this, it suffices to show that
cn,t,i = dn,t,t−i, 1 ≤ i ≤ t − 1. (2.12)
To show (2.12), we will induct on n, the n = 3 case being clear since c3,2,1 = d3,2,1 = 1. Furthermore, we may assume
t < n− 1 since, from the definitions, we have cn,n−1,i = dn,n−1,i = 1 for all i ∈ [n− 2].
First suppose 2 ≤ i ≤ t − 1. Then the letters in [i − 1] can appear only once within a member of An,t,i(12321).
Deletion of these letters, and relabeling, shows that such members of An,t,i(12321) are synonymous with the members
of An−i+1,t−i+1,1(12321), and thus cn,t,i = cn−i+1,t−i+1,1. Similarly, deletion of the letters in [t − i+ 1, t − 1], each of which
can occur only once, within the members of An,t,t−i(12312) shows that dn,t,t−i = dn−i+1,t−i+1,t−i. Therefore, we have by the
induction hypothesis,
cn,t,i = cn−i+1,t−i+1,1 = dn−i+1,t−i+1,t−i = dn,t,t−i.
Now suppose i = 1. Let us consider cases on πt+2 in π = π1π2 · · ·πn ∈ An,t,1(12321). If πt+2 = t + 1, then deletion of
the extraneous 1 at position t+ 1 results in partitions of length n− 1 of the form 12 · · · (t+ 1)π ′, which are clearly counted
by
n−1
j=t+1 cn−1,j. If πt+2 = t , then there are
n−2
j=t cn−2,j members of An,t,1(12321), since deletion of both the 1 at position
t + 1 and the t directly after it results in partitions of length n− 2 having the form 12 · · · tπ ′. If πt+2 = i ∈ [2, t − 1], then
deletion of the 1 at position t + 1 results in a member of An−1,t,i(12321). Thus, we have the relation
cn,t,1 =
n−1
j=t+1
cn−1,j +
n−2
j=t
cn−2,j +
t−1
i=2
cn−1,t,i. (2.13)
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By similar reasoning, we also have
dn,t,t−1 =
n−1
j=t+1
dn−1,j +
n−2
j=t
dn−2,j +
t−2
i=1
dn−1,t,i. (2.14)
By the induction hypothesis, comparison of (2.13) and (2.14) shows that cn,t,1 = dn,t,t−1, which completes the induction
and the proof of (2.12). 
Remark 2.7. By adding another variable recording the number of blocks within a partition, the prior proof can be modified
to show further that qn,k(12321) = qn,k(12312) for all n and k.
2.3. The case 12132
We establish the case 12132. If n ≥ 3 and 1 ≤ r < ℓ < n, then let An,ℓ,r denote the subset of Qn(12132) consisting of
those partitions π = π1π2 · · ·πn such that π1π2 · · ·πℓ = 12 · · · ℓ with πℓ+1 = r and let an,ℓ,r = |An,ℓ,r |. For example, the
partition π = 1234534621 ∈ A10,5,3 and a5,2,1 = 4, the enumerated partitions being 12121, 12123, 12131, and 12134. The
numbers an,ℓ,r are determined by the recurrence in the following lemma, where we denote the sum
ℓ−1
i=1 an,ℓ,i by an,ℓ if
n ≥ 3 and 1 < ℓ < n.
Lemma 2.8. The array an,ℓ,r can assume non-zero values only when n > ℓ > r ≥ 1 and satisfies the recurrence
an,ℓ,r = 1+
r
j=1
an−1,ℓ,j +
ℓ−r−1
j=1
an−j−1,ℓ−j,r +
n−ℓ+r−2
i=r+1
an−ℓ+r−1,i, n ≥ ℓ+ 2 and ℓ > r ≥ 1, (2.15)
with the initial conditions an,n−1,j = 1 if n ≥ 3 and 1 ≤ j ≤ n− 2.
Proof. First note that An,n−1,j consists of the single partition 12 · · · (n − 1)j if j ∈ [n − 2], whence an,n−1,j = 1. To show
(2.15), suppose π = π1π2 · · ·πn ∈ An,ℓ,r , where n ≥ ℓ + 2 and ℓ > r ≥ 1. We consider cases regarding the letter πℓ+2.
First note that there are
r−1
j=1 an−1,ℓ,j members of An,ℓ,r in which πℓ+2 ∈ [r − 1], for deletion of the letter r at position ℓ+ 1
defines a bijection between this subset of An,ℓ,r and the set ∪r−1j=1 An−1,ℓ,j, as this letter is seen to be extraneous concerning
the avoidance of 12132.
We now show that there are an−1,ℓ,r members of An,ℓ,r for which πℓ+2 = r + 1. Let A′n,ℓ,r denote this subset of An,ℓ,r .
Suppose π = π1π2 · · ·πn ∈ A′n,ℓ,r and that πℓ+3 either does not exist (i.e., n = ℓ + 2) or πl+3 exists and πℓ+3 ≠ r . In this
case, we may delete the r + 1 at position ℓ + 2 (since it is extraneous) without violating the adjacency requirement. This
then yields a bijection with the set An−1,ℓ,r − A′n−1,ℓ,r since πℓ+2 ≠ r + 1 in the resulting members of An−1,ℓ,r . On the other
hand, if πℓ+3 = r , then we delete both this r and the r + 1 directly before it, which yields a bijection with the members of
An−2,ℓ,r . If a′n,ℓ,r = |A′n,ℓ,r |, then we may write
a′n,ℓ,r = an−1,ℓ,r + an−2,ℓ,r − a′n−1,ℓ,r = an−1,ℓ,r − an−3,ℓ,r + a′n−2,ℓ,r
= · · · = an−1,ℓ,r + (−1)n−ℓ−1aℓ+1,ℓ,r + (−1)n−ℓ−2a′ℓ+2,ℓ,r = an−1,ℓ,r
since aℓ+1,ℓ,r = a′ℓ+2,ℓ,r = 1.
We next count the members π of An,ℓ,r in which πℓ+2 = j, where r + 2 ≤ j ≤ ℓ. Then none of the letters in [r + 1, j− 1]
can occur twice in π , for otherwise there would be an occurrence of 12132 with the 1 corresponding to the letter r and the
3 corresponding to j. Deletion of the letters in [r + 1, j− 1] from π then defines a bijection withℓj=r+2 A′n−j+r+1,ℓ−j+r+1,r ,
upon relabeling the letters. By the prior case, we then see that there are
ℓ
j=r+2
an−j+r,ℓ−j+r+1,r =
ℓ−r−1
j=1
an−j−1,ℓ−j,r
members of An,ℓ,r in this case.
To complete the proof, we need to show that there are 1+n−ℓ+r−2i=r+1 an−ℓ+r−1,i members of An,ℓ,r for whichπℓ+2 = ℓ+1.
Note that then each of the letters in [r + 1, ℓ] can occur only once. Therefore, deletion of the letters in [r + 1, ℓ], along with
the r at position ℓ+ 1, shows that the cardinality of An,ℓ,r is the same as the cardinality of the set
{12 · · · n} ∪
n−ℓ+r−2
i=r+1

i−1
j=1
An−ℓ+r−1,i,j

,
which is 1+n−ℓ+r−2i=r+1 an−ℓ+r−1,i. 
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Proposition 2.9. If n ≥ 1, then qn(12132) = Cn−1.
Proof. In order to solve the recurrence relation in Lemma 2.8, wewill use a similarmethod as before, where first we transfer
this recurrence relation to a functional equation for the corresponding generating function and then solve it by the kernel
method. To do so, define An,ℓ(v) = ℓ−1r=1 an,ℓ,rvr−1 for all n > ℓ ≥ 2. Then the recurrence relation in Lemma 2.8 can be
written as
An,ℓ(v) = 1− v
ℓ−1
1− v +
ℓ−1
r=1

vr−1
r
j=1
an−1,ℓ,j

+
ℓ−1
r=1

vr−1
ℓ−r−1
j=1
an−j−1,ℓ−j,r

+
ℓ−1
r=1

vr−1
n−ℓ+r−2
i=r+1
An−ℓ+r−1,i(1)

,
which is equivalent to
An,ℓ(v) = 1− v
ℓ−1
1− v +
An−1,ℓ(v)− vℓ−1An−1,ℓ(1)
1− v +
ℓ−1
j=2
An−j,ℓ+1−j(v)
+
ℓ−1
r=1

vr−1
n−ℓ+r−2
i=r+1
An−ℓ+r−1,i(1)

. (2.16)
Now define An(v,w) =n−1ℓ=2 An,ℓ(v)wℓ−1. Multiplying (2.16) bywℓ−1 and summing over ℓ = 2, 3, . . . , n− 1, we obtain
An(v,w) =
n−1
ℓ=2
(1− vℓ−1)wℓ−1
1− v +
An−1(v,w)− An−1(1, vw)
1− v + Kn + Ln,
where
Kn =
n−2
ℓ=2

wℓ−1
ℓ−1
j=2
An−j,ℓ−j+1(v)

=
n−3
j=2
wj−1

n−2
ℓ=j+1
An−j,ℓ−j+1(v)wℓ−j

=
n−3
j=2
wj−1An−j(v,w)
and
Ln =
n−2
ℓ=2

wℓ−1
ℓ−1
r=1

vr−1
n−ℓ+r−2
i=r+1
An−ℓ+r−1,i(1)

=
n−2
ℓ=2

wℓ−1
n−2
j=n−ℓ

vℓ+j−n
j−1
i=ℓ+j−n+2
Aj,i(1)

=
n−2
j=2

vj−n+1
j−1
i=2

Aj,i(1)
n−j+i−2
ℓ=n−j
(vw)ℓ−1

=
n−2
j=3
j−1
i=2

wn−1−j(1− (vw)i−1)
1− vw Aj,i(1)

=
n−4
j=1
wj
1− vw (An−1−j(1, 1)− An−1−j(1, vw)).
Hence, the sequence An(v,w) satisfies the recurrence relation
An(v,w) = w − w
n−1
(1− w)(1− v) −
vw − (vw)n−1
(1− v)(1− vw) +
1
1− v (An−1(v,w)− An−1(1, vw))+
n−3
j=2
wj−1An−j(v,w)
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+
n−4
j=1
wj
1− vw (An−1−j(1, 1)− An−1−j(1, vw)), n ≥ 3, (2.17)
with the initial condition A2(v,w) = 0.
Observe that
qn(12132) = 1+
n−1
ℓ=2
ℓ−1
r=1
an,ℓ,r = 1+ An(1, 1),
since the sum counts all members of Qn(12132) except for the partition 12 · · · n. Let us define
B(t; v,w) = t
2
1− t + A(t; v,w) =
t2
1− t +

n≥2
An(v,w)tn.
Then B(t; 1, 1) is the generating function for the sequence of numbers qn(12132)where n ≥ 2, that is,n≥2 qn(12132)tn.
We now ascertain A(t; 1, 1). Multiplying (2.17) by tn and summing over all n ≥ 3, we obtain, after several algebraic
operations, the functional equation
A(t; v,w) = wt
3
(1− t)(1− wt)(1− vwt) +
t
1− v (A(t; v,w)− A(t; 1, vw))+
wt2
1− wt A(t; v,w)
+ wt
2
(1− vw)(1− wt) (A(t; 1, 1)− A(t; 1, vw)),
which is equivalent to
1− t
1− v −
wt2
1− wt

A(t; v,w)+

t
1− v +
wt2
(1− vw)(1− wt)

A(t; 1, vw)
= wt
3
(1− t)(1− wt)(1− vwt) +
wt2
(1− vw)(1− wt)A(t; 1, 1).
Lettingw = C(t) = 1−
√
1−4t
2t and v = 11+tC(t) in the last relation yields A(t; 1, 1) = tC(t)− t1−t . Thus,
n≥2
qn(12132)tn = B(t; 1, 1) = t
2
1− t + A(t; 1, 1) = tC(t)− t,
which implies the result. 
2.4. The case 12123
We consider the case of avoiding 12123. Given n ≥ 2 and 1 ≤ s < t ≤ n, let An,t,s denote the subset of Qn(12123)
consisting of those partitions π = π1π2 · · ·πn in which the left-most occurrence of the largest letter is at position t and the
left-most occurrence of the second largest letter is at position s. For example, we have π = 123242151542 ∈ A12,8,5 since
the left-most occurrence of the largest letter, namely, 5, is at position 8 and the left-most occurrence of the second largest
letter is at position 5. The array an,t,s = |An,t,s|may be determined as described in the following lemma.
Lemma 2.10. The array an,t,s can assume non-zero values only when n ≥ t > s ≥ 1 and satisfies the recurrence
an,t,s =
s−1
i=1
(an−1,t−1,i + an−2,t−2,i + an−2,t−1,i + an−3,t−2,i)
+
n−1
j=t+1
an−1,j,s +
n−2
j=t
an−2,j,s, 4 ≤ t ≤ n and 2 ≤ s ≤ t − 2, (2.18)
with
an,t,t−1 =
t−2
i=1
an−1,t−1,i +
t−2
i=1
an−2,t−1,i +
n−1
j=t+1
an−1,j,t−1 +
n−2
j=t
an−2,j,t−1, n ≥ 3 and 3 ≤ t ≤ n. (2.19)
The initial conditions are an,t,1 = 0 if 3 ≤ t ≤ n, with an,2,1 = 1 for all n ≥ 2.
T. Mansour et al. / Discrete Mathematics 312 (2012) 2979–2991 2987
Proof. For the initial conditions, note that an,t,1 = 0 if t ≥ 3 and an,2,1 = 1 since s = 1 implies that the largest letter is 2
and thus An,t,s is empty in the first case and is a singleton set consisting of the partition 1212 · · · in the second.
To show (2.18), suppose π = π1π2 · · ·πn ∈ An,t,s, where 4 ≤ t ≤ n and 2 ≤ s ≤ t − 2, and let us denote the largest
letter of π by z. Note that
An,t,s = A′n,t,s ∪ A′′n,t,s ∪ A′′′n,t,s,
where A′n,t,s, A′′n,t,s, and A′′′n,t,s, respectively, consist of those members of An,t,s in which z occurs at least twice, in which z
occurs once with πt+1 ≠ z − 1 (or does not exist), and in which z occurs once with πt+1 = z − 1. We prove the following
three assertions, which when taken together, yields (2.18).
(i) |A′n,t,s| =
n−1
j=t+1 an−1,j,s +
n−2
j=t an−2,j,s.
To show this, first note that if π contains two or more letters z, then the z at position t (i.e., the left-most z) is extraneous
concerning the avoidance of 12123 since all of the letters coming to the left of it are also governed by a z to the right
of position t . Thus, we may delete the z at position t if πt−1 ≠ πt+1, and delete both this letter and its predecessor if
πt−1 = πt+1. Note that in the first case the left-most occurrence of z in the resulting partition of [n − 1] is at position j for
some j ∈ [t + 1, n− 1], while in the second case it is at position j for some j ∈ [t, n− 2] in the resulting partition of [n− 2];
note that the left-most position of the second largest letter remains unchanged in both cases. Thus, deletion of the left-most
z (and also the letter directly preceding it, if necessary) is a bijection between A′n,t,s and
n−1
j=t+1 An−1,j,s

∪
n−2
j=t An−2,j,s

,
whose cardinality is given by
n−1
j=t+1 an−1,j,s +
n−2
j=t an−2,j,s.
(ii) |A′′n,t,s| =
s−1
i=1 (an−1,t−1,i + an−2,t−2,i).
To show this, consider changing the z at position t inπ to z−1 and then either deleting the z−1 at position s ifπs−1 ≠ πs+1
or deleting both z−1 and its predecessor if πs−1 = πs+1. Let π ′ and π ′′ denote the resulting partitions of [n−1] and [n−2],
respectively. Then π ′ belongs to An−1,t−1,i for some i ∈ [s−1] since the left-most occurrence of the largest letter, now z−1,
is at position t − 1 and the second largest letter is at position i for some i ∈ [s − 1]. Note that there are no occurrences of
z − 1 between positions s and t in π , for otherwise, there would be an occurrence of 12123 in π as s ≥ 2 implies z ≥ 3;
thus, we are ensured that the z − 1 at position t − 1 in π ′ is left-most. Therefore, the operation of transforming π to π ′
is seen to be a bijection between members of A′′n,t,s with πs−1 ≠ πs+1 and the members of
s−1
i=1 An−1,t−1,i. Similarly, the
operation of transforming π to π ′′ is seen to be a bijection between members of A′′n,t,s with πs−1 = πs+1 and the members
of
s−1
i=1 An−2,t−2,i. Combining the two cases shows that there are
s−1
i=1 (an−1,t−1,i + an−2,t−2,i)members of A′′n,t,s in all.
(iii) |A′′′n,t,s| =
s−1
i=1 (an−2,t−1,i + an−3,t−2,i).
To show this, we delete the z−1 at position s inπ ifπs−1 ≠ πs+1 or both z−1 and its predecessor ifπs−1 = πs+1; in either
case, we also delete the z from π (note that the letter directly preceding the z is not z−1 since s ≤ t−2, by assumption, and
thus the adjacency requirement is not violated). Note further that the largest letter, now z − 1, has its left-most occurrence
at t − 1 in the partition of [n− 2] that results in the first case and its left-most occurrence at t − 2 in the partition of [n− 3]
that results in the second. This operation then shows that the sets A′′′n,t,s and
s−1
i=1 An−2,t−1,i ∪
s−1
i=1 An−3,t−2,i have the same
cardinality, which yields the assertion.
Wenow turn to (2.19). For this, first note that
n−1
j=t+1 an−1,j,t−1+
n−2
j=t an−2,j,t−1 countsmembers of An,t,t−1, where n ≥ 3
and 3 ≤ t ≤ n, inwhich the largest letter,whichwewill again denote by z, appears at least twice, by the same reasoning used
to establish the cardinality of A′n,t,s above. If z appears only one time in π = π1π2 · · ·πn ∈ An,t,t−1, thenwe delete the z from
π ifπt+1 ≠ z−1 (or does not exist) or delete both the z and the z−1 at position t−1 ifπt+1 = z−1. This defines a bijection
between the subset of An,t,t−1 in which the largest letter appears once and themembers of
t−2
i=1 An−1,t−1,i∪
t−2
i=1 An−2,t−1,i,
which completes the proof of (2.19). 
Proposition 2.11. If n ≥ 1, then qn(12123) = Cn−1.
Proof. Upon noting the initial conditions and using the convention that empty sums take the value zero, we see that the
recurrences (2.18) and (2.19) may be combined and written as
an,t,s =
s−1
i=1
(an−1,t−1,i + an−2,t−1,i)+ δs<t−1
s−1
i=1
(an−2,t−2,i + an−3,t−2,i)
+
n−1
j=t+1
an−1,j,s +
n−2
j=t
an−2,j,s, n ≥ 4 and 1 ≤ s < t ≤ n. (2.20)
Define An,t(v) = t−1s=1 an,t,svs−1 and An(v,w) = nt=2 An,t(v)wt−1. Multiplying (2.20) by wt−1vs−1 and summing over
t = 2, 3, . . . , n and s = 1, 2, . . . , t − 1, we obtain
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An(v,w) = vw1− v (An−1(v,w)− An−1(1, vw))+
vw
1− v (An−2(v,w)− An−2(1, vw))
+ vw
2
1− v (An−2(v,w)− An−2(1, vw))+
vw2
1− v (An−3(v,w)− An−3(1, vw))
+ 1
1− w(wAn−1(vw, 1)− An−1(v,w))+
w
1− w(An−2(vw, 1)− An−2(v,w)), n ≥ 4,
with the initial conditions A1(v,w) = 0, A2(v,w) = w, and A3(v,w) = (1 + vw)w. Note that An(1, 1) = qn(12123) if
n ≥ 2.
Define A(t; v,w) =n≥1 An(v,w)tn. By rewriting the last recurrence in terms of the generating function A(t; v,w), we
obtain
A(t; v,w) = vwt(1+ t)
1− v (A(t; v,w)− A(t; 1, vw))+
vw2t2(1+ t)
1− v (A(t; v,w)− A(t; 1, vw))
+ t
1− w(wA(t; vw, 1)− A(t; v,w))+
wt2
1− w(A(t; vw, 1)− A(t; v,w))+ w(1+ t)t
2,
which implies, upon replacingw by 1
v
, the relation
v2 + 2vt + t2 − v
1− v A

t; v, 1
v

= t(2v + t)
1− v A(t; 1, 1)− t
2.
We use the kernel method and let v = 1−2t+
√
1−4t
2 in the last equation to cancel out the left-hand side and obtain
n≥2
qn(12123)tn = A(t; 1, 1) = 1−
√
1− 4t
2
− t = tC(t)− t =

n≥2
Cn−1tn,
whence qn(12123) = Cn−1 for all n ≥ 2. 
2.5. The case 12134
Before we can show this case, we will need a couple of preliminary results concerning some related words. If σ =
σ1σ2 · · · σn is some word, then we will say that σ avoids the pattern 134 if there are no indices r < s < t with
σr + 1 < σs < σt . Given k ≥ 2, let an,k denote the number of k-ary words of length n that avoid the pattern 134 and
that have no two adjacent letters the same. If w = w1w2 · · ·wm is some word, then let an,k(w) denote the number of
words σ = σ1σ2 · · · σn counted by an,k which, in addition, start σ1σ2 · · · σm = w1w2 · · ·wm. Let Ak(x) = n≥0 an,kxn and
Ak(x|w) =n≥0 an,k(w)xn. Note that from the definitions, we have
Ak(x) = 1+
k
i=1
Ak(x|i), k ≥ 2. (2.21)
The Ak(x|i) satisfy the following relation.
Lemma 2.12. If k ≥ 3, then
Ak(x|i) = x+ x
i
j=1
Ak(x|j)+ x
k
j=i+2
Aj(x|i), 1 ≤ i ≤ k− 3, (2.22)
Ak(x|i) = x1+ xAk(x), i = k− 2, k− 1, k. (2.23)
Proof. To show (2.22), first observe that
Ak(x|i) = x+
i−1
j=1
Ak(x|ij)+ Ak(x|i(i+ 1))+
k
j=i+2
Ak(x|ij)
= x+ x
i−1
j=1
Ak(x|j)+ Ak(x|i(i+ 1))+ x
k
j=i+2
Aj(x|i). (2.24)
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For if i + 2 ≤ j ≤ k, then Aj(x|ij) − Aj(x|iji) = x(Aj(x|i) − Aj(x|ij)), whence Ak(x|ij) = Aj(x|ij) = xAj(x|i) since clearly
Aj(x|iji) = x2Aj(x|i). We also have
Ak(x|i(i+ 1)) = x2 +
i
j=1
Ak(x|i(i+ 1)j)+
k
j=i+2
Ak(x|i(i+ 1)j)
= x2 + x2
i
j=1
Ak(x|j)+ x2
k
j=i+2
Aj(x|i). (2.25)
Using (2.24) and (2.25), one can show Ak(x|i(i+ 1)) = xAk(x|i), which implies that (2.24) may be written as (2.22). From the
definitions, we also have Ak(x|i) = x(Ak(x)− Ak(x|i)) for i = k− 2, k− 1, k, which gives (2.23). 
Let us define Ak(x, v) = 1+ki=1 Ak(x|i)vi−1; note that Ak(x, 1) = Ak(x), by (2.21). Let A(y; x, v) =k≥3 Ak(x, v)yk.
Lemma 2.13. We have
1− x
1− v −
xv
v − y

A(y/v; x, v) = y
3
v2(v − y) −
xy3
v(v − y)2 +
x(vy− v2 + xy− xv − x+ xv2)
v(1+ x)(1− v)(v − y) A(y; x, 1). (2.26)
Proof. Multiplying (2.22) and (2.23) by vi−1 and summing over i = 1, 2, . . . , k, we obtain
Ak(x, v) = 1+ xv
k−3(1+ v + v2)
1+ x Ak(x, 1)+
x(1− vk−3)
1− v + x
k−2
j=1
vj−1 − vk−3
1− v Ak(x|j)
+ x
k−1
j=3
(Aj(x, v)− vj−2Aj(x|j− 1)− vj−1Aj(x|j)− 1)+ x(Ak(x, v)− vk−3Ak(x|k− 2)
− vk−2Ak(x|k− 1)− vk−1Ak(x|k)− 1),
which is equivalent to
Ak(x, v) = 1− (k− 2)x+ xv
k−3(1+ v + v2)+ x2vk−3(1+ v)
1+ x Ak(x, 1)+
x
1− v (Ak(x, v)− v
k−3Ak(x, 1))
+ x
k
j=3
Aj(x, v)− x
2(1+ v)
v2(1+ x)
k
j=3
vjAj(x, 1).
Multiplying the last equation by (y/v)k and summing over k ≥ 3, we obtain
A(y/v; x, v) = y
3
v2(v − y) −
xy3
v(v − y)2 +
x(1+ v + v2)+ x2(1+ v)
v3(1+ x) A(y; x, 1)
+ x
v3(1− v) (v
3A(y/v; x, v)− A(y; x, 1))+ xv
v − yA(y/v; x, v)−
x2(1+ v)
v(1+ x)(v − y)A(y; x, 1),
which is equivalent to (2.26). 
Proposition 2.14. If n ≥ 1, then qn(12134) = Cn−1.
Proof. Let Q (x) = n≥1 qn(12134)xn and Qk(x) = n≥k qn,k(12134)xn; clearly Q (x) = k≥1 Qk(x). Now observe that if
π = π1π2 · · ·πn ∈ Qn,k(12134), where k ≥ 3, then π must be of the form
π = 12 · · · (k− 1)π ′, (2.27)
where π ′ is a k-ary word that avoids 134, has no adjacent letters the same, contains the letter k at least once, and does not
start with the letter k− 1. Let A∗k(x) be the generating function for all such words π ′ according to the length n. We then see
from (2.27) that
Qk(x) = xk−1A∗k(x), k ≥ 3,
and thus
Q (x) = x
1− x +

k≥3
A∗k(x)x
k−1, (2.28)
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upon including the single partition of length n of the form 1212 · · ·. Also, from the definitions and subtraction, we have
A∗k(x) = (Ak(x)− Ak(x|k− 1))− (Ak−1(x)− Ak−1(x|k− 1))
= 1
1+ x (Ak(x)− Ak−1(x)), k ≥ 3, (2.29)
by (2.23).
Let A∗(y; x) =k≥3 A∗k(x)yk. By (2.29), we have
A∗(y; x) = 1
1+ x

k≥3
Ak(x)yk − y1+ x

k≥2
Ak(x)yk
= 1− y
1+ x

k≥3
Ak(x, 1)yk − y
3
1+ xA2(x)
= 1− y
1+ xA(y; x, 1)−
y3
1− x . (2.30)
By (2.28) and (2.30), we then have
Q (x) = x
1− x +
1
x

k≥3
A∗k(x)x
k
= x
1− x +
1
x
A∗(x; x)
= x
1− x +
1− x
x(1+ x)A(x; x, 1)−
x2
1− x
= x+ 1− x
x(1+ x)A(x; x, 1).
Setting the coefficient of A(y/v; x, v) on the left-hand side of (2.26) equal to zero, and solving for v in terms of x and y,
implies v = v0 = 1+y−2x+
√
(1−y)(1−y−4x(1−x))
2(1−x) . Using the kernel method and setting v = v0 in (2.26) then gives
A(y; x, 1) = y
3(y− v0 + xv0)(1+ x)(1− v0)
xv0(v0 − y)(v0y− v20 + xy− xv0 − x+ xv20)
.
Setting y = x in this, and simplifying, yields
A(x; x, 1) = x(1+ x)(1− 2x−
√
1− 4x)
2(1− x) .
Thus,
Q (x) = x+ 1− 2x−
√
1− 4x
2
= 1−
√
1− 4x
2
,
which implies the result. 
3. Concluding remarks
We have shown that the cardinality of six avoidance classes of Qn corresponding to a single classical pattern of length
five is given by Cn−1. These combinatorial interpretations for the Catalan numbers are new, as far as we know. Furthermore,
based on numerical evidence, there are no other avoidance classes of Qn for a single pattern of length five which are counted
by Cn−1. Recall that the n-th Catalan number counts the non-crossing partitions of size n (i.e., those that avoid 1212). The
restriction derived from avoiding a pattern such as 12323 or 12123 is weaker than that of avoiding 1212 and thus there are
strictly more than Cn partitions of size n avoiding one of these patterns if n ≥ 4. But apparently this weaker restriction is
more than compensated for by the requirement that no two adjacent letters be the same, as witnessed by the fact that there
are strictly fewer than Cn members of Qn(12323) and Qn(12123) if n ≥ 2. Indeed, it seems to be an interesting problem to
try to define a direct bijection between the non-crossing partitions of length n− 1 (or, for that matter, any other structure
known to be enumerated by Cn−1, such as the Dyck paths of semilength n−1) and themembers of Qn(u), where u is any one
of the six patterns given in Theorem 1.1 above. Furthermore, it would be interesting to find statistics on Dyck paths which
correspond to the statistics on Qn described in the above proofs, such as the one used to show Proposition 2.3.
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